This paper continues [18] (arXiv.org:math.AG/0609256), [19] (arXiv:0708.3991) and [20] (arXiv:0710.0162) Using authors's methods of 1980, 1981, some explicit finite sets of number fields containing all ground fields of arithmetic hyperbolic reflection groups in dimension at least 3 are defined, and explicit bounds of their degrees (over Q) are obtained.
Introduction
This paper continues [18] , [19] and [20] . See introductions of these papers about history, definitions and results concerning the subject.
In [19] and [20] some explicit finite sets of totally real algebraic number fields containing all ground fields of arithmetic hyperbolic reflection groups in dimensions n ≥ 4 were defined, and good explicit bounds of degrees (over Q) of their fields were obtained. In particular, an explicit bound (≤ 56) for n ≥ 6 and (≤ 138) for n ≥ 4 of degree of the ground field of any arithmetic hyperbolic reflection group in dimension n ≥ 4 was obtained.
Here we continue this study for dimensions n = 3. Using similar methods, we define some explicit finite sets of totally real algebraic number fields containing all ground fields of arithmetic hyperbolic reflection groups in dimensions n ≥ 3. Moreover, an explicit bound (≤ 909) of degrees of fields from these sets are obtained. Here we also use result by Long, Maclachlan and Reid from [13] .
Thus, degree of the ground field of any arithmetic hyperbolic reflection group of dimension n ≥ 3 is bounded by 909. Remark that finiteness of the number of maximal arithmetic hyperbolic reflection groups of dimension 3 was obtained by Agol [1] , it follows a theoretical existence of some bound of the degree of ground fields of arithmetic hyperbolic reflection groups in dimension 3. Difference of our result here is that we give an explicit bound for the degree which is important for finite effective classification. It also gives another proof of finiteness in dimension 3. In fact, using our methods, we show that finiteness in dimension 3 follows from finiteness in dimension 2.
It is also very important that all these fields are attached to fundamental chambers of arithmetic hyperbolic reflection groups, and they can be further geometrically investigated and restricted.
It was also shown in [19] (using results of [13] and [4] , [24] ) that degree of the ground field of any arithmetic hyperbolic reflection group of dimension n = 2 is bounded by 44.
Thus, now an explicit bound of degree of ground fields of arithmetic hyperbolic reflection groups is known in all dimensions. By [14] and [15] and [27] , [28] , then there exists an effective finite classification of maximal arithmetic hyperbolic reflection groups in all dimensions together. More generally, there exists an effective finite classification of similarity classes of reflective hyperbolic lattices S. Their full reflection groups W (S) contain all maximal arithmetic hyperbolic reflection groups as subgroups of finite index.
Since this paper is a direct continuation of [19] and [20] , we use notations, definitions and results of these papers.
2 Ground fields of arithmetic hyperbolic reflection groups in dimensions n ≥ 3
Since this paper is a direct continuation of [19] and [20] , we use notations, definitions and results of this papers.
In [19, Secs 3 and 4] , explicit finite sets F L 4 , F T , F Γ (4) i (14) , 1 ≤ i ≤ 5, and F Γ 2,4 (14) of totally real algebraic number fields were defined. The set F L 4 consists of all ground fields of arithmetic Lannér diagrams with ≥ 4 vertices and consists of three fields of degree ≤ 2. The set F T consists of all ground fields of arithmetic triangles (plane) and has 13 fields of degree ≤ 5 (it includes F L 4 ).
The set F Γ
i (14), 1 ≤ i ≤ 5, consists of all ground fields of V-arithmetic finite edge polyhedra of minimality 14 with connected Gram graph having 4 vertices. They are determined by 5 types of graphs Γ (4) i (14) , i = 1, 2, 3, 4, 5. The degrees of fields from these sets are bounded by 22, 39, 53, 56, 54 respectively. The set F Γ 2,4 (14) consists of all ground fields of arithmetic quadrangles (plane) of minimality 14. Their degrees are bounded by 11.
The following result was obtained in [19, Theorem 4 .5] using methods of [14] and [15] and results by Borel [4] and Takeuchi [24] . (14) . In particular, its degree is bounded by 56.
In [20, Secs 2 and 3] , further explicit finite sets of fields F Γ
2 (14) are defined by some V-arithmetic pentagon graphs of minimality 14. They are related to some fundamental pentagons on hyperbolic plane. The degree of fields from F Γ (6) 1 (14) is bounded by 56, from F Γ Using similar, but much more complicated considerations, we proved in [20] Theorem 2.2. In dimensions n ≥ 4, the ground field of any arithmetic hyperbolic reflection group belongs to one of finite sets of fields (14) . In particular, its degree is bounded by 138.
Applying the same methods, here we want to extend this result to n ≥ 3, also considering n = 3.
First, we introduce some other explicit finite sets of fields. All of them are related to fundamental polygons on hyperbolic plane.
We consider arithmetic reflection groups on hyperbolic plane with fundamental polygons M 2 of minimality 14. It means that δ 1 · δ 2 < 14 for any δ 1 , δ 2 ∈ P (M 2 ). The corresponding polygons M 2 are also called arithmetic polygons of the minimality 14. Definition 2.3. We denote by Γ 2 (14) the set of Gram graphs Γ(P (M 2 )) of all arithmetic polygons M 2 of minimality 14. The set F Γ 2 (14) consists of all their ground fields.
It follows from results of Long, Maclachlan and Reid [13] , Borel [4] and Takeuchi [24] (see [19, Sec. 4.5] ) that the degree of ground fields of arithmetic hyperbolic reflection groups of dimension two is bounded by 44. Thus, the degree of fields from F Γ 2 (14) is also bounded by 44.
Let us consider V-arithmetic 3-dimensional chambers which are defined by the Gram graphs Γ 1 with 5 vertices δ 1 , δ 2 , δ 3 , δ 4 , e shown in Figure 2 . It follows that the corresponding V-arithmetic chamber M satisfies the following condition: the 2-dimensional face M e of M which is perpendicular to e is an open fundamental quadrangle M 2 bounded by four lines perpendicular to
(see Figure 2 ). It has two right angles defined by δ 1 , δ 2 and δ 3 , δ 4 . All its other sides don't intersect. Planes H δ2 and H δ4 are perpendicular to H e , the planes H δ1 and H δ3 have angles π/m 1 , m 1 ≥ 3, and π/m 3 , m 3 ≥ 3, with the plane H e respectively. with 6 vertices δ 1 , δ 2 , δ 3 , δ 4 , δ 5 , e shown in Figure 3 . It follows that the corresponding V-arithmetic chamber M satisfies the following condition: the 2-dimensional face M e of M which is perpendicular to e is an open fundamental pentagon M 2 bounded by 5 lines perpendicular to Figure 3 ). It has four consecutive right angles defined by δ 2 , δ 3 , δ 4 , δ 5 , δ 1 respectively. Its two consecutive sides perpendicular to δ 1 and δ 2 don't intersect. All planes H δi are perpendicular to H e except the plane H δ4 which has the angle π/m with the plane H e . Definition 2.6. We denote by Γ
4 (14) the set of all V-arithmetic 3-dimensional graphs Γ (6) 4 (or the corresponding 3-dimensional V-arithmetic chambers) of minimality 14. Thus, inequalities 2 < a ij < 14 satisfy. We denote by F Γ Degree of any field from F Γ
6 (14) is bounded by 56. Degree of any field from F Γ Proof. The proof requires long considerations and calculations. It will be given in a special Section 3.
We have the following main result of the paper.
Theorem 2.8. In dimensions n ≥ 3, the ground field of any arithmetic hyperbolic reflection group belongs to one of finite sets of fields
2 (14), F Γ 2,5 (14) (additional fields for the dimensions 4 and 5), and F Γ (4)
In particular, its degree is bounded by 909.
Proof. By [20] , if n ≥ 4, the ground field K belongs to one of sets (14) . Thus, further we can assume that the ground field K does not belong to these sets, and the dimension is equal to n = 3.
Let W be an arithmetic hyperbolic reflection group of dimension n = 3, M is its fundamental chamber, and P (M) is the set of all vectors with square −2 which are perpendicular to codimension one faces of M and directed outward. For δ ∈ P (M) we denote by H δ and M δ the hyperplane and the codimension one face M ∩ H δ respectively which is perpendicular to δ.
By [14] , there exists e ∈ P (M) which defines a narrow face M e of M of minimality 14. It means that δ 1 · δ 2 < 14 for any δ 1 , δ 2 ∈ P (M, e) ⊂ P (M). Here
Let us assume that e · δ = 0 for any δ ∈ P (M, e) − {e}, equivalently, all neighbouring 2-dimensional faces of M to the polygon M e are perpendicular to M e . Then M e has P (M e ) = P (M, e) − {e}, and M e is the fundamental polygon for arithmetic hyperbolic plane reflection group with the same ground field K as for W . Since P (M e ) ⊂ P (M), it has minimality 14. Then K ∈ F Γ 2 (14) as required.
Thus, further we assume that e·δ = 2 cos(π/m) > 0 for one of δ ∈ P (M, e)− {e}, equivalently, one of neighbouring to the polygon M e two-dimensional faces M δ of M is not perpendicular to M e .
All cases when the polygon M e has less than 6 sides were considered in [19] and [20] . It was shown that then the ground field K belongs to one of sets of fields (14) . Thus, further we additionally assume that M e has at least 6 sides and the ground field K does not belong to any of these sets of fields. (14) , then the hyperbolic connected component of the edge graph Γ(r) defined by any edge r = v 1 v 2 ⊂ M e has ≤ 3 vertices. Further we mark these facts as (*).
By (*), both angles of M e at the edge M e,δ perpendicular to δ are right. Moreover, if f 1 , f 2 ∈ P (M, e) define two neighbouring edges of the edge M e,δ of M e , then e ·
Assume that the polygon M e has a non-right angle with edges perpendicular to δ 1 , δ 2 ∈ P (M, e). By (*), then δ 1 · δ 2 = 2 cos(π/k) > 0, and {δ 1 , δ 2 } are perpendicular to {e, δ}. Then δ 1 , δ 2 , δ 3 = δ and e have Gram graph Γ (4) 6 (14) , and the ground K belongs to F Γ (4) 6 (14) as required. Now assume that all angles of the polygon M e are right and there exist two elements δ 1 , δ 3 ∈ P (M, e) − {e} such that e · δ 1 = 2 cos(π/m 1 ) and e · δ 3 = 2 cos(π/m 3 ). By (*), then δ 1 · δ 3 > 0, and δ 1 , δ 3 are perpendicular to two not consecutive edges of the polygon M e . Since M e has more than 5 vertices, we can find two their neighbouring edges perpendicular to δ 2 , δ 4 ∈ P (M, e) such that the Gram graph of δ 1 , δ 2 , δ 3 , δ 4 , e is Γ 1 (14) as required. Now assume that all angles of the polygon M e are right and there exists only one element δ 4 ∈ P (M, e) − {e} such that δ 4 · e = 0. Then δ 4 · e = 2 cos(π/m) > 0. Since M e has at least 6 sides, we can find 5 consecutive sides of M e perpendicular to δ 1 , δ 5 , δ 4 , δ 3 , δ 2 ∈ P (M, e) such that Gram graph of δ 1 , δ 2 , δ 3 , δ 4 , δ 5 , e is Γ (6) 4 . Then the ground field K belongs to F Γ This finishes the proof of the theorem.
3 V-arithmetic 3-graphs Γ
6 (14) , Γ
1 (14) , Γ
4 (14) and their fields
Here we prove Theorem 2.7.
Some general results.
We use the following general results from [15] . 
In addition, let the natural number m and the intervals
[s 1 , t 1 ], . . . , [s m , t m ] in R be fixed. Then there exists a constant N (s i , t i ) such that,
if α is a totally real algebraic integer and if the following inequalities hold for the embeddings
Here
where
We note that the proof of Below we will apply these results in two cases which are very similar to used in [19, Sec. 5.5] and [15] . /l) ). We consider a totally real algebraic number field K where F l ⊂ K = Q(α), and the algebraic integer α satisfies
for all σ : K → R such that σ = σ (+) , and
where σ (+) : K → R is the identity. We assume that a 1 ≥ 0, a 2 ≥ 0 and 0 < a = max{a 1 , a 2 } < 4. We assume that b 1 < b 2 and denote b = max{|b 1 |, |b 2 |}. Also we assume that a ≤ b. We want to estimate [K :
is the Euler function, and
where p is prime, 1 otherwise.
We have ba
Equivalently, we have
Since γ(l) ≤ l, ϕ(l) ≥ Cl/ ln(ln l) for l ≥ 6 where C = ϕ(6) ln (ln 6)/6 ≥ 0.194399, sin (π/l) ≤ π/l for l ≥ 3, there exists only finite number of l ≥ 3 such that (8) has solutions N ∈ N. More exactly, there exists only finite number of exceptional l ≥ 3 such that
All non-exceptional l satisfy the inequality
Remark that exceptional l also satisfy this inequality. If γ(l) = 1, (10) implies that l satisfies the inequality
It follows that
where L 0 > 3 satisfies
If l = p t where p is prime, (10) implies that l satisfies the inequality
where ∆(a) = min
where L 1 ≥ L 0 is a solution of the inequality
Thus, to find all non-exceptional l satisfying (10), we should check (10) for all l such that 3 ≤ l < L 1 , moreover, if L 0 ≤ l < L 1 , we can assume that l = p t . Their number is finite, and all of them can be effectively found.
For non-exceptional l satisfying (10), we obtain bounds
and
This using of the norm, we call the Method B (like in [19, Sec. 5.5] ).
On the other hand, for fixed l, we obtain a bound for N 0 using Theorems 3.1 and 3.2 applied to F = F l and α. We can take 
where the discriminant |discr F l | is given in (70), and
Then [K :
where n 0 is the least natural solution of the inequality (1)
In particular, this gives a bound for [K : Q] for exceptional l satisfying (21) 
4 (14) in Sect. 3.4. Case 2. For natural k ≥ s ≥ 3, we denote F k,s = Q(cos (2π/k), cos (2π/s)). We consider a totally real algebraic number field K where F k,s ⊂ K = Q(α), and the algebraic integer α satisfies
where σ (+) : K → R is the identity. We assume that a 1 ≥ 0, a 2 ≥ 0 and 0 < a = max{a 1 , a 2 } < 16. We assume that b 1 < b 2 and denote b = max{|b 1 |, |b 2 |}. Also we assume that a ≤ b. We want to estimate [K :
We also assume that k ≥ s ≥ s 0 ≥ 3 where s 0 ≥ 3 is fixed.
We have [F k,s : Q] = ϕ([k, s])/2ρ(k, s) where ρ(k, s) = 1 or 2 is given in (71), and N F l /Q (sin 2 (π/l)) = γ(l)/4 ϕ(l)/2 where γ(l) is given in (7). We have
Equivalently, we obtain
(28) Since γ(l) ≤ l, ϕ(l) ≥ Cl/ ln(ln l) for l ≥ 6 where C = ϕ(6) ln (ln 6)/6, sin (π/l) ≤ π/l for l ≥ 3, there exists only finite number of pairs (k, s) such that (28) has solutions N ∈ N where both k and s are non-exceptional.
More exactly, there exists only finite number of exceptional pairs (k, s) where a pair (k, s) (consisting of non-exceptional k and s) is called exceptional if
All non-exceptional pairs (k, s) satisfying (28) satisfy the inequality
Remark that exceptional pairs (k, s) also satisfy this inequality. If γ(k) = γ(s) = 1 and k ≥ s, (30) implies
If one of γ(k), γ(s) is not equal to 1, then (30) implies for non-exceptional pairs (k, s) that
Thus, to find all non-exceptional pairs (k, s) satisfying (30), we should check
we can assume that one of k and s is equal to p t where p is prime. The number of such pairs is finite, and all of them can be effectively found.
For such non-exceptional pairs (k, s) satisfying (30), we obtain bounds
This using of the norm, we call the Method B (like in [19, Sec. 5.5] ). On the other hand, for a fixed pair (k, s), we can obtain a bound for N 0 using Theorems 3.1 and 3.2 applied to F = F k,s and α. We can take
where R < 1 if and only if ln 8
where the discriminant |discr F k,s | is given in (73) and (74), and
For all pairs (k, s) satisfying (41), we obtain the bounds [K : , s) ) where n 0 is the least natural solution of the inequality (1), We apply these Methods A and B to Γ 
V-arithmetic 3-graphs Γ (4)
6 (14) and their fields.
Here we consider V-arithmetic 3-dimensional graphs Γ (4) 6 (14) (see Figure 1) and their fields.
This case had been considered in [20, Sec. 3.1] where the bound for degrees of fields K from F Γ 
V-arithmetic 3-graphs Γ
1 (14) and their fields.
Here we consider V-arithmetic 3-dimensional graphs Γ
1 (14) (see Figure 2 ) and their fields.
First, let us consider the corresponding plane graph defined by β 1 = δ 1 , β 2 = δ 2 , β 3 = δ 3 , β 4 = δ 4 which give P (M 2 ). We denote b ij = β i · β j when it is not 0. This graph is given in Figure 4 .
Any three elements from β 1 , . . . , β 4 generate the form defining the hyperbolic plane. Thus the determinant of their Gram matrix must be positive for geometric embedding σ (+) and must be negative for σ = σ (+) . For example, for β 1 , β 2 , β 3 it is equal to −8 + 2b 
Here minimum is achieved for b ij = ± √ 2 where the number of (−) is odd, and maximum is achieved for b ij = ±1 where the number of (−) is even. From expressions of β i using δ i and e, we get .
We consider the algebraic integer α ∈ K which is α = 2a 13 a 14 a 23 a 24 + 4 cos π m 1 cos π m 3 a 14 a 23 a 24 .
From (45) and (46), we get
For the geometric embedding σ (+) , we have
It follows that K = Q(α). Since 8 < 16, this case is similar to considered in [19, Sec. 5.5] .
In this case, considering α from (47), we apply the methods A and B of Case 2 in Sec. 3.1 to a 1 = 8, a 2 = 2 (then a = 8),
3 ) and k := max{m 1 , m 3 }, s := min{m 1 , m 3 } where k ≥ s ≥ 3, and s 0 = 3.
At first, we apply the Method B. Exceptional l ≥ 3 satisfy (27) which is
It follows that l = 3, 4, 5 are the only exceptional. All exceptional pairs (k, s) where k ≥ s ≥ 6, that is when (29) which is 
we obtain
where 909 is achieved for (k, s) = (607, 7). Moreover, for all these non-exceptional pairs (k, s) we obtain the bound (38) which is
and finally we obtain the bound (39) which is
If either a pair (k, s) is exceptional, or the right hand side of (55) 
1 (14) .
4 (14) and their ground fields
4 (14) and their fields. First, let us consider the corresponding plane graph defined by β 1 = δ 1 , β 2 = δ 2 , β 3 = δ 3 , β 4 = δ 4 , β 5 = δ 5 which give P (M 2 ). We denote b ij = β i · β j when it is not 0. We also denote c = b 12 . One can consider it as kind of angle between the corresponding lines. This graph is given in Figure 5 .
Considering determinants of Gram matrices of subsets of β 1 , . . . , β 5 , we obtain all equations of M 2 : 
We consider the algebraic integer α ∈ K which is α = a 13 a 14 a 24 a 25 a 35 .
From (57), we obtain
For the geometric embedding σ (+) we have that
It follows that K = Q(α). We can apply the methods A and B of Case 1 in Sec. 3.1 to a 1 = 3.1,
, and l := m. At first, we apply the Method B. All exceptional l ≥ 3 that is when (9) which is ln 2
satisfies are l = 3, 4, 5, 7, 8, 9, 11, 13, 17, 19, 23. We can take L 0 = 2053 in (13) . Then
and L 1 = 2125 can be taken in (17) . Checking (10) for 3 ≤ l < 2125, we obtain that 3 ≤ l ≤ 510. For all these l such that (10) which is
satisfies, we obtain
where 99 is achieved for l = 199. Moreover, for all these non-exceptional l we obtain the bound (18) which is
and finally we obtain the bound (19) which is
If either l is exceptional, or the right hand side of (66) is more than 99 (this is possible for 3 ≤ l ≤ 113 only), we also apply to l the method A of the Case 1 to improve the poor bound (65) for N 0 = [K : F l ] for non-exceptional l. We can apply this method to any l ≥ 4 since (21) 
4 (14) . This finishes the proof of Theorem 2.7.
We have N F l /Q (4 sin 2 (π/l)) = γ(l) = p if l = p t > 2 where p is prime, 1 otherwise.
If l is odd, then 4 sin 2 (π/l) and 4 sin 2 (2π/l) are conjugate, and their norms are equal. Thus, N F l /Q (4 sin 2 (2π/l)) = γ(l), if l ≥ 3 is odd.
If l is even and l 1 = l/2, then 4 sin 2 (2π/l) = 4 sin 2 (π/l 1 ). If l 1 is odd, then F l1 = F l , and we get N F l /Q (4 sin 2 (2π/l)) = γ(l/2) if l ≥ 6 is even, but l/2 is odd.
If l 1 ≥ 4 is even, then [F l : F l1 ] = 2, and we get N F l /Q (4 sin 2 (2π/l)) = γ(l/2) 2 if l ≥ 8 and l/2 is even. 
Moreover, we obtain the formula for the discriminant:
where |discr Q( l √ 1)| is given by (67), and γ(l) is given by (69). We denote F k,s = Q (cos (2π/k), cos (2π/s)). Further we assume that k, s ≥ 3. Let m = [k, s] be the least common multiple of k and s. Then * which consists of all α ∈ (Z/mZ) such that α ≡ ±1 mod k and α ≡ ±1 mod s. The G includes the subgroup of order two of α ≡ ±1 mod m. If α ≡ 1 mod k, then α ≡ 1 + kt mod m where t ∈ Z. If 1 + kt ≡ −1 mod s, then the equation kt + sr = 2 has an integer solution (t, r) which is equivalent to (k, s)|2. Thus, G has the order 4 if and only if (k, s)|2. Otherwise, G has the order 2. We set ρ(k, s) = 2 if (k, s)|2, 1 otherwise,
and we obtain [F k,s : Q] = ϕ(m) 2ρ(k, s) .
Moreover, we get F k,s = F m if (k, s) | 2.
It follows, Assume that (k, s) = 2. Then one of k/2 or s/2 is odd. Assume, k 1 = k/2 is odd. Then F k = F k1 and F k,s = F k1,s where (k 1 , s) = 1. Thus, we obtain the previous case which gives exactly the same formula. We finally obtain
where the discriminants |discr F k | and |discr F s | are given by (70).
